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GEODESICS IN GENERALIZED WALLACH SPACES
ANDREAS ARVANITOYEORGOS AND NIKOLAOS PANAGIOTIS SOURIS
Abstract. We study geodesics in generalized Wallach spaces which are expressed as orbits of products
of three exponential terms. These are homogeneous spaces M = G/K whose isotropy representation de-
composes into a direct sum of three submodules m = m1 ⊕ m2 ⊕ m3, satisfying the relations [mi,mi] ⊂ k.
Assuming that the submodules mi are pairwise non isomorphic, we study geodesics on such spaces of the
form γ(t) = exp(tX) exp(tY ) exp(tZ) · o, where X ∈ m1, Y ∈ m2, Z ∈ m3 (o = eK), with respect to a G-
invariant metric. Our investigation imposes certain restrictions on the G-invariant metric, so the geodesics
turn out to be orbits of two exponential terms. We give a point of view using Riemannian submersions. As
an application, we describe geodesics in generalized flag manifolds with three isotropy summands and with
second Betti number b2(M) = 2, and in the Stiefel manifolds SO(n + 2)/S(n). We relate our results to
geodesic orbit spaces (g.o. spaces).
Mathematics Subject Classification. Primary 53C25; Secondary 53C30.
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1. Introduction
Geodesic curves in a Riemannian manifold are studied not only for their geometrical implications but for
their physical significance as well ([Arn]). For a Riemannian homogeneous manifold (M = G/K, g) where g
is a G-invariant metric, one naturally studies homogeneous geodesics through the origin o = eK, i.e. orbits
of a one-parameter subgroup of the Lie group G. These are curves of the form
γ(t) = exp(tX) · o, (1)
where X is a non zero vector in the Lie algebra g of G. Curves of this form had been studied long time ago
by many mathematicians such as R. Herman, B. Kostant, E.B. Vinberg.
Riemannian homogeneous spaces of special significance are those whose geodesics are of the form (1),
and these are known as geodesic orbit spaces (g.o. spaces). The study of these spaces was initiated by
O. Kowalski and L. Vanhecke in [Ko-Va] and since then they have been investigated in depth by several
authors both for Riemannian and semi-Riemannian manifolds (e.g. [Du-Ko-Ni], [Ta], [Du]). In particular,
for G a simple Lie group, in [Al-Ar] the first author and D. Alekseevsky classified generalized flag manifolds
with homogeneous geodesics (i.e. which are g.o. spaces). The list turned out to be quite short, namely
the manifold SO(2ℓ + 1)/U(ℓ) of complex structures in R2ℓ+2 and the complex projective space CP 2ℓ−2 =
Sp(ℓ)/U(1)× Sp(ℓ− 1). Notice that the isotropy representation of these spaces has two isotropy summands
and their associated painted Dynkin diagram has one black root of Dynkin mark 2.
Since a general description of geodesics in a homogeneous space remains a difficult but an important
problem, it is natural to search for geodesics that generalize the concept of homogeneous geodesics. In [Do]
R. Dohira gave a description of geodesics in homogeneous spaces M = G/K whose isotropy representation
decomposes into two irreducible summands m ∼= ToM = m1 ⊕m2, with respect to the (unique up to scalar)
diagonal metric. His result is the following:
Theorem 1.1. ([Do]) Let M = G/K be a homogeneous space with two isotropy summands m = m1 ⊕ m2
equipped with the diagonal metric (1, c), where c > 0. Assume that the following relations are satisfied:
[k,mi] ⊂ mi [m1,m1] ⊂ k⊕m2
[m1,m2] ⊂ m1 [m2,m2] ⊂ k
1
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Then the unique geodesic passing through o with γ˙(0) = X1 +X2, Xi ∈ mi is given by
γ(t) = exp t(X1 + cX2) exp(1− c)tX2 · o. (2)
Every generalized flag manifold with two isotropy summands satisfies the condition of Theorem 1.1. These
spaces have been classified in terms of painted Dynkin diagrams in [Ar-Ch], therefore using Dohira’s result
it is possible to describe all geodesics of the form (2) in these spaces. Observe that the geodesics (2) are of
the form
γ(t) = exp(tX) exp(tY ) · o, X ∈ m1, Y ∈ m2. (3)
Therefore, it is natural to try to extend such a result to homogeneous spaces M = G/K whose isotropy
representation decomposes into three (or more) irreducible summands, i.e.
m ∼= ToM = m1 ⊕m2 ⊕m3.
To simplify our study we will assume that G-invariant metrics g on these spaces are determined by Ad(K)-
invariant inner products on m of the form
〈 , 〉 = λ1 (−B)|m1 + λ2 (−B)|m2 + λ3 (−B)|m3 , λi > 0, (4)
where B is the Killing form of g. For large classes of homogeneous spaces this is a reasonable assumption.
We denote these metrics by (λ1, λ2, λ3).
In the present paper we study geodesics of the form
γ(t) = exp(tX) exp(tY ) exp(tZ) · o, X ∈ m1, Y ∈ m2, Z ∈ m3 (5)
with respect to the metrics (4) for the generalized Wallach spaces. These are homogeneous spacesM = G/K
whose isotropy representation m decomposes into three Ad(K)-invariant irreducible submodules m = m1 ⊕
m2⊕m3 with the property [mi,mi] ⊂ k. They were introduced by Yu. G. Nikonorov, E. D. Rodionov and V.
V. Slavskii in [Ni-Ro-Sla] and they were earlier referred to in the literature as three-locally-symmetric spaces
(e.g. [Lo-Ni-Fi]), because they generalize the property [m,m] ⊂ k for a locally symmetric homogeneous space
G/K. Notice that some of the submodules mi could be equivalent in general, but here we assume that they
are pairwise non equivalent. Despite their simple description a complete classification of these spaces was
given only very recently by Yu.G. Nikonorov in [Ni2] and independently by Z. Chen, Y. Kang, K. Liang in
[Ch-Ka-Li].
Our analysis leads us to the conclusion that the form (5) of the geodesics we are looking for imposed
restrictions to the G-invariant metrics (4). We prove the following:
Theorem 1.2. Let M = G/K be a generalized Wallach space. If the G-invariant metric (4) has one
of the forms (1, 1, c), (1, c, 1) or (c, 1, 1) (c > 0), then the unique geodesic γ(t) passing through o with
γ˙(0) = X1 +X2 +X3 ∈ To(G/K), Xi ∈ mi, is given by
γ(t) = exp t(X1 +X2 + cX3) exp(t(1 − c)X3) · o, or (6)
γ(t) = exp t(X1 + cX2 +X3) exp(t(1 − c)X2) · o, or (7)
γ(t) = exp t(cX1 +X2 +X3) exp(t(1 − c)X1) · o (8)
respectively.
As seen in this theorem, even though we look for geodesics which are orbits of products of three exponential
factors, we finally obtain geodesics which are orbits of products of two exponential factors. We give an
explanation of this in the last section of the paper.
The above description of geodesics can be applied to various classes of homogeneous spaces, for example
for certain generalized flag manifolds with three isotropy summands. These spaces have been classified by
M. Kimura in [Ki] and can be split into two classes, depending on whether the second Betti number of M
is b2(M) = 1 or b2(M) = 2. Equivalently, their painted Dynkin diagram contains one or two black roots
respectively. They are those with b2(M) = 2 that satisfy the conditions of Theorem 1.2, which in this case
implies the following:
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Corollary 1.3. Let M = G/K be a generalized flag manifold with three isotropy summands and with second
Betti number b2(M) = 2. Then the geodesics are described by Theorem 1.2.
Another class of homogeneous spaces for which Theorem 1.2 can be applied, are the real Stiefel manifolds
V2R
n+2 = SO(n + 2)/SO(n) of orthonormal 2-frames in Rn+2. Their isotropy representation decomposes
into three irreducible summands, two of which are equivalent. However, it was proved by M. Kerr in [Ke]
that any SO(n+2)-invariant metric can be represented by an inner product of the form (4), hence we obtain
the following:
Corollary 1.4. The geodesics in the Stiefel manifolds SO(n+ 2)/SO(n) are described by Theorem 1.2.
The paper is organized as follows: In Section 2 we obtain results about geodesics in any Riemannian
homogeneous space (M = G/K, g) which have their own interest. More precisely, let γ be a curve in M =
G/K which is the projection of a curve α onG, letW ∈ m and let Wˆ be a certain vector field onM canonically
associated to W (cf. Definition 2.2) . We introduce the real function GW (t) = g(Wˆγ(t),∇γ˙(t)γ˙(t))γ(t) and
we prove that γ is a geodesic on M = G/K if and only if GW (t) = 0 for every vector W ∈ m and every t ∈ R
(cf. Proposition 2.4). In Section 3 we consider geodesics of the form (5) and we express the function GW (t)
in a more convenient form for our calculations (cf. Proposition 2.7).
In Section 3 we define the generalized Wallach spaces and in Section 4 we prove Theorem 1.2. We proceed
as follows: Let (M = G/K, g) be a generalized Wallach space, where g is a G-invariant metric of the form
(1, λ2, λ3) (we observe that for our purposes this is not a restriction). Let γ be the unique geodesic on M of
the form (5) with γ(0) = o ∈M and γ˙(0) = X1 +X2 +X3, Xi ∈ mi. Then we conclude that
GW (0) = 0 and G˙W (0) = 0.
We elaborate on the above relations and we obtain a system of equations for the parameters λ2, λ3. By
solving this system we write the vectors X,Y, Z in (5) as linear expressions of X1, X2, X3, and obtain some
restrictions on the parameters λi. Therefore, by assuming that a curve of the form (5) is a geodesic, where
X,Y, Z are expressed as linear combinations of X1, X2, X3, we obtain all possible forms of G-invariant
metrics and their corresponding geodesics, as stated in Theorem 1.2. Then it is straightforward to show that
each curve is indeed a geodesic on (M = G/K, g). Finally, in Section 5 we interpret our results by using
Riemannian submersions of the generalized Wallach spaces over locally symmetric spaces.
Acknowledgements. The first author had useful discussion with Professor Yu.G. Nikonorov. The work
was supported by Grant #E.037 from the Research Committee of the University of Patras (Programme K.
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2014. The authors thank the referee for a suggestion which led to the formulation of Proposition 4.3.
2. Geodesics in Homogeneous Spaces
2.1. A description of geodesics. Let M = G/K be a homogeneous space where G is a Lie group and K
is the isotropy subgroup of a point o ∈ M . Let g and k denote the Lie algebras of G and K respectivelly.
We assume that M is a reductive homogeneous space, that is there exists a decomposition g = k⊕m where
m is the orthogonal complement of k with respect to an inner product on g and [k,m] ⊂ m.
Let π : G→ G/K be the natural projection which is a submersion. For g ∈ G we denote by g · o the action
of g on the point o ∈M , that is g · o = π(g). We identify m with the tangent space To(G/K) of M at o, by
identifying each X ∈ m with dπe(X) ∈ To(G/K). Let X ∈ g. For convenience we will use the notation
Xm = dπe(X). (9)
Recall the diffeomorphism cg : G→ G with cg(h) = ghg
−1. The adjoint representation of G in g is given by
Ad : G→ Aut(g) with Ad(g)X = (dcg)e(X), while the adjoint representation of g is given by ad : g→ End(g)
with ad(X)Y = (dAd)e(X)Y . The following well known relation will be used throughout this paper:
d
dt
∣∣∣∣
t=0
Ad(exp(tX))Y = ad(X)Y = [X,Y ], X, Y ∈ g.
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The isotropy representation of G/K, AdG/K : K → Aut(m), is given by AdG/K(k)X = (dτk)oX , where
k ∈ K, X ∈ m and τk : G/K → G/K is the left translation in G/K, that is τk(π(p)) = π(kp), p ∈ G.
A G-invariant metric g on G/K is such that τk is an isometry on G/K. In this case (G/K, g) is called a
Riemannian homogeneous space. There is a bijection between G-invariant metrics g on G/K and Ad(K)-
invariant inner products 〈 , 〉 on m. Let g ∈ G and X ∈ g. We define the vector fields XL and XR by
XLg = (dLg)e(X) and X
R
g = (dRg)e(X), (10)
which are left and right invariant respectivelly.
The following result is stated in [Do] without proof, so we take the chance to give a proof here.
Lemma 2.1. ([Do]) Let X,Y ∈ g and g ∈ G. Then the following relations are valid:
(dτg−1)g·o(dπg)(X
L
g ) = Xm (11)
(dτg−1 )g·o(dπg)(X
R
g ) = (Ad(g
−1)X)m (12)
[XL, Y L]g = [X,Y ]
L
g (13)
[XL, Y R]g = 0. (14)
Proof. We will show relation (12). It is
(dτg−1 )g·o(dπg)(X
R
g ) =
d
dt
∣∣∣∣
t=0
(τg−1 ◦ π ◦Rg)(exp(tX))
=
d
dt
∣∣∣∣
t=0
(g−1 exp(tX)g) · o =
d
dt
∣∣∣∣
t=0
(cg−1(exp(tX))) · o
=
d
dt
∣∣∣∣
t=0
(exp((dcg−1 )e(tX))) · o =
d
dt
∣∣∣∣
t=0
(exp(t(dcg−1 )eX)) · o
=
d
dt
∣∣∣∣
t=0
(exp(tAd(g−1)X)) · o =
d
dt
∣∣∣∣
t=0
π(exp(tAd(g−1)X))
= (dπe)(Ad(g
−1)X) = (Ad(g−1)X)m.
To show relation (14), let f :M → R be a smooth function. Then [XL, Y R]gf = X
L
g (Y
Rf)− Y Rg (X
Lf).
We have
XLg (Y
Rf) = (dLg)e(X)(Y
Rf) = X((Y Rf) ◦ Lg)
=
d
ds
∣∣∣∣
s=0
((Y Rf) ◦ Lg)(exp(sX)) =
d
ds
∣∣∣∣
s=0
(Y Rf)g exp(sX)
=
d
ds
∣∣∣∣
s=0
Y Rg exp(sX)f =
d
ds
∣∣∣∣
s=0
(dRg exp(sX))e(Y )f
=
d
ds
∣∣∣∣
s=0
Y (f ◦Rg exp(sX)) =
d
ds
∣∣∣∣
s=0
d
dt
∣∣∣∣
t=0
(f ◦Rg exp(sX))(exp(tY ))
=
d
ds
∣∣∣∣
s=0
d
dt
∣∣∣∣
t=0
f(exp(tY )g exp(sX)).
The term Y Rg (X
Lf) is also equal to
d
ds
∣∣∣∣
s=0
d
dt
∣∣∣∣
t=0
f(exp(tY )g exp(sX)), thus relation (14) follows.
The proof for relation (11) is similar to that of (12). Relation (13) holds by the Lg-equivalence of left
invariant vector fields. 
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Let α : I ⊂ R → G be a smooth curve in G. Then γ = π ◦ α : I → G/K is a smooth curve in
M = G/K and γ˙ is a vector field along γ. We extend γ˙ to a vector field locally in M as follows. First
note that the vector field α˙ along α assigns to each point α(t0) the tangent vector α˙α(t0) = α˙(t0). Then,
since dπe|m : m → To(G/K) is a vector space isomorphism, we have that π : expm → G/K is a local
diffeomorphism. Thus, there exists an open neighborhood U of e in expm such that π|U : U → π(U) is a
diffeomorphism.
Since Lα(t) is a homeomorphism and U is an open neighborhood of e, the set Uα(t) = {α(t)g : g ∈ U} =
Lα(t)(U) is an open neighborhood of α(t) in α(t) expm. Also, π(Uα(t)) is an open neighborhood of γ(t)
in π(α(t) expm) = α(t) expm · o, which in turn is open in τα(t)(G/K) = G/K. Finally, since Lα(t) is a
diffeomorphism, we have that π|Uα(t) : Uα(t) = Lα(t)(U)→ π(Uα(t)) is a diffeomorphism. The extension of γ˙
in π(Uα(t)), which we also denote by γ˙, assigns to each point π(α(t)g) ∈ π(Uα(t)) the tangent vector
γ˙π(α(t)g) = dπα(t)g(α˙α(t)g), (15)
where we also abuse the notation to denote by α˙ the extension of the tangent vector field along α. The
above extension is well defined since π|Uα(t) is 1-1. The following objects will be of central interest in this
paper.
Definition 2.2. For any W ∈ m we define the vector field Wˆ on π(Uα(t)) ⊂ G/K by
Wˆπ(α(t)g) = dπα(t)g(W
L
α(t)g). (16)
Definition 2.3. For any W ∈ m, we define the function GW : R→ R by
GW (t) = g(Wˆγ(t),∇γ˙(t)γ˙(t))γ(t). (17)
The function GW (t) can be used to characterize geodesics in a homogeneous space as shown in the next
proposition.
Proposition 2.4. Let α : I → G be a curve in the Lie group G. Then the curve γ = π ◦ α : I → G/K is a
geodesic in the Riemannian homogeneous space (G/K, g) if and only if GW (t) = 0 for all t ∈ R and for all
W ∈ m.
Proof. By using Koszul’s formula we obtain that
g(V,∇XX) = Xg(V,X) + g(X, [V,X ])−
1
2
V g(X,X), (18)
where V,X are arbitrary vector fields in M .
Let X = γ˙ as defined in (15). Then relation (18) yields
g(V,∇γ˙ γ˙) = γ˙g(V, γ˙) + g(γ˙, [V, γ˙])−
1
2
V g(γ˙, γ˙). (19)
By evaluating the function g(V,∇γ˙ γ˙) at γ(t) ∈M we obtain
g(Vγ(t),∇γ˙(t)γ˙(t))γ(t) = γ˙(t)g(V, γ˙) + g(γ˙(t), [V, γ˙]γ(t))γ(t) −
1
2
Vγ(t)g(γ˙, γ˙). (20)
It follows that γ is a geodesic if and only if∇γ˙(t)γ˙(t) = 0 for every t ∈ R, or equivalently if g(Vγ(t),∇γ˙(t)γ˙(t))γ(t) =
0 for every t ∈ R and for every vector field V ∈M = G/K. However, since the metric g is G-invariant, our
calculations will be restricted on m. Thus, without any loss of generality we can choose the arbitrary V to
be as in (16). Therefore, γ is a geodesic if and only if GW (t) = g(Wˆγ(t),∇γ˙(t)γ˙(t))γ(t) = 0. 
2.2. Geodesics in G/K as orbits of exponential factors. We are interested to describe geodesics in
G/K of the form γ = π ◦ α, where α : I → G with α(t) = exp(tX) exp(tY ) exp(tZ) for X,Y, Z ∈ m. Our
aim is to simplify the right hand side of expression (20) for the function GW (t). For Z, Y ∈ m we define the
function T : R→ Aut(g) by
T (t) = Ad(exp(−tZ) exp(−tY )). (21)
From now on we will write T = T (t).
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Lemma 2.5. Let X,Y, Z ∈ m, α(t) = exp(tX) exp(tY ) exp(tZ) and T (t) as defined in (21). Then the
following relations are valid:
d
dt
∣∣∣∣
t=0
T (t)X = [X,Y + Z], (22)
Ad(exp(tX))X = X, (23)
d
ds
∣∣∣∣
s=0
Ad(exp(−t− s)Z)Y = [TY, Z], (24)
d
ds
∣∣∣∣
s=0
Ad(α(t + s)−1)X = [TX,Z] + [TX, TY ]. (25)
Proof. For (22), let c(t) = exp(−tZ) exp(−tY ). Then
d
dt
∣∣∣∣
t=0
T (t)X =
d
dt
∣∣∣∣
t=0
Ad(c(t))X = (dAd)e(c˙(0))X
= ad(c˙(0))X = [−Y − Z,X ] = [X,Y + Z].
For (23) we have
Ad(exp(tX))X = (dcexp(tX))eX =
d
ds
∣∣∣∣
s=0
exp(tX) exp(sX) exp(−tX)
=
d
ds
∣∣∣∣
s=0
exp(t+ s− t)X = X.
For (24) we have
d
ds
∣∣∣∣
s=0
Ad(exp(−t− s)Z)Y =
d
ds
∣∣∣∣
s=0
Ad(exp(−sZ)) ◦Ad(exp(−tZ))
= (dAd)e(−Z)(Ad(exp(−tZ))Y )
= (dAd)e(−Z)(TY ) = [−Z, TY ] = [TY, Z].
where in the third equality we used (23). Finally, for (25) we have
d
ds
∣∣∣∣
s=0
Ad(α(t + s)−1)X
=
d
ds
∣∣∣∣
s=0
Ad(exp(−tZ) exp(−sZ) exp(−tY ) exp(−sY ) exp(−tX) exp(−sX))X
=
d
ds
∣∣∣∣
s=0
Ad(exp(−tZ) exp(−sZ) exp(−tY ) exp(−sY ))
◦Ad(exp(−tX) exp(−sX))X
=
d
ds
∣∣∣∣
s=0
Ad(exp(−tZ) exp(−sZ) exp(−tY ) exp(−sY ))X
=
d
ds
∣∣∣∣
s=0
Ad(exp(−sZ) exp(−tZ) exp(−sY ) exp(tZ) exp(−tZ) exp(−tY ))X
=
d
ds
∣∣∣∣
s=0
Ad(exp(−sZ) exp(−sAd(exp(−tZ))Y ))
◦Ad(exp(−tZ) exp(−tY ))X
=
d
ds
∣∣∣∣
s=0
Ad(exp(−sZ) exp(−sAd(exp(−tZ))Y )) ◦ TX
= [TX,Z] + [TX,Ad(exp(−tZ))Y ] = [TX,Z] + [TX, TY ].
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
Lemma 2.6. Let c : I → g be a curve in g. Then
d
ds
∣∣∣∣
0
c(s)m =
(
d
ds
∣∣∣∣
0
c(s)
)
m
.
Proof. It is
d
ds
∣∣∣∣
0
c(s)m =
d
ds
∣∣∣∣
0
dπe(c(s)) = d(dπe)c(0)
(
d
ds
∣∣∣∣
0
c(s)
)
= dπe
(
d
ds
∣∣∣∣
0
c(s)
)
=
(
d
ds
∣∣∣∣
0
c(s)
)
m
.

We can now simplify the function GW (t).
Proposition 2.7. Let γ : I → G/K be the curve γ(t) = exp(tX) exp(tY ) exp(tZ) · o in G/K, where
X,Y, Z ∈ m. Then for every W ∈ m, the function GW (t) defined in (17) can be expressed as
GW (t) = g((TX)m + (TY )m + Zm, [W,TX + TY + Z]m)o
+ g(W, [TX, TY + Z]m + [TY, Z]m)o.
(26)
Proof. Recall that γ˙(t) = (dπ)α(t)(α˙(t)), where α(t) = exp(tX) exp(tY ) exp(tZ), hence we need at first to
compute α˙(t). By differentiating the Lie group product we obtain that
α˙(t) =
d
ds
∣∣∣∣
s=0
α(t+ s) =
d
ds
∣∣∣∣
s=0
exp(t+ s)X exp(t+ s)Y exp(t+ s)Z
=
d
ds
∣∣∣∣
s=0
exp(tX) exp(tY ) exp(t+ s)Z +
d
ds
∣∣∣∣
s=0
exp(tX) exp(t+ s)Y exp(tZ)
+
d
ds
∣∣∣∣
s=0
exp(t+ s)X exp(tY ) exp(tZ). (27)
Since exp(t+ s)Z = exp(tZ) exp(sZ), the first term in (27) is written as
d
ds
∣∣∣∣
s=0
exp(tX) exp(tY ) exp(t+ s)Z
=
d
ds
∣∣∣∣
s=0
α(t) exp(sZ) =
d
ds
∣∣∣∣
s=0
Lα(t)(exp(sZ)) = (dLα(t))eZ = Z
L
α(t).
(28)
The third term in (27) is written as
d
ds
∣∣∣∣
s=0
exp(t+ s)X exp(tY ) exp(tZ)
=
d
ds
∣∣∣∣
s=0
exp(sX)α(t) =
d
ds
∣∣∣∣
s=0
Rα(t)(exp(sX)) = (dRα(t))eX = X
R
α(t),
(29)
and finally the second term of (27) is equal to
d
ds
∣∣∣∣
s=0
exp(tX) exp(tY ) exp(tZ) exp(−tZ) exp(sY ) exp(tZ).
Therefore, we have that
d
ds
∣∣∣∣
s=0
exp(tX) exp(t+ s)Y exp(tZ) =
d
ds
∣∣∣∣
s=0
α(t) exp(sAd(exp(−tZ))Y )
= (Ad(exp(−tZ)Y )L)α(t).
(30)
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By adding (28), (29) and (30) we obtain that
α˙(t) = (XR + ZL + (Ad(exp(−tZ)Y )L))α(t). (31)
Next, we calculate each of the three terms in the right hand side of (20) to obtain the desired expression
of the function GW (t). By using relations (31), (15) and (16) the first term of (20) becomes
γ˙(t)g(Wˆ , γ˙) = γ˙γ(t)g(Wˆ , γ˙) =
d
ds
∣∣∣∣
s=0
g(Wˆγ(t+s), γ˙γ(t+s))γ(t+s)
=
d
ds
∣∣∣∣
s=0
g
(
dπα(t+s)W
L
α(t+s), dπα(t+s)(X
R + ZL
+(Ad(exp(−t− s)Z)Y )L)α(t+s)
)
α(t+s)·o
.
Since the metric g is G-invariant, the above term is equal to
d
ds
∣∣∣∣
s=0
g
(
(dτα−1(t+s))γ(t+s)(dπα(t+s))(W
L
α(t+s)),
(dτα−1(t+s))γ(t+s)(dπα(t+s))(X
R + ZL + (Ad(exp(−t− s)Z)Y )L)
)
o
.
By using relations (11)-(14) we obtain that
γ˙(t)g(Wˆ , γ˙) =
d
ds
∣∣∣∣
s=0
g
(
W, (Ad(α(t+ s)−1)X)m
+(Ad(exp(−t− s)Z)Y )m
)
o
.
(32)
Therefore, by using Lemmas 2.5, 2.6 and equation (32), the first term of (20) becomes
g(W, [TX,Z]m + [TX, TY ]m + [TY, Z]m)o. (33)
Next, we use (15), (16), relations (11)-(14) and the G-invariance of the metric to write the second term of
(20) as
g(γ˙(t), [Wˆ , γ˙]γ(t))γ(t)
= g
(
dπα(t)(X
R + ZL + (Ad(exp(−tZ))Y )L)α(t),
[dπα(t)(W
L
α(t)), dπα(t)(X
R + ZL + (Ad(exp(−tZ))Y )L)α(t)]
)
α(t)·o
= g
(
(dτα(t)−1 )α(t)·o(dπα(t))(X
R + ZL + (Ad(exp(−tZ))Y )L)α(t),
(dτα(t)−1 )α(t)·o(dπα(t))[W
L, XR + ZL + (Ad(exp(−tZ))Y )L]α(t)
)
o
= g
(
(Ad(α(t)−1)X)m + Zm + (Ad(exp(−tZ))Y )m,
(dτα(t)−1 )α(t)·o(dπα(t))[W,Ad(exp(−tZ))Y + Z]
L
α(t)
)
o
= g
(
(Ad(exp(−tZ) exp(−tY ))X)m + Zm + (Ad(exp(−tZ))Y )m,
[W,Ad(exp(−tZ))Y + Z]m
)
o
.
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Therefore, the second term of (20) is equal to
g((TX)m + Zm + (TY )m, [W,TY + Z]m)o. (34)
For X ∈ m let ‖X‖2 = g(X,X). Then by using similar calculations as above, the third term of (20) becomes
− 1
2
Wˆγ(t)g(γ˙, γ˙) = −
1
2
Wˆγ(t) ‖γ˙‖
2 = − 1
2
dpiα(t)(W
L
α(t)) ‖γ˙‖
2
= −
1
2
W
L
α(t)(‖γ˙‖
2 ◦ pi) = −
1
2
d
ds
∣
∣
∣
∣
s=0
∥
∥γ˙pi(α(t) exp(sW ))
∥
∥2
α(t) exp(sW )·o
= −
1
2
d
ds
∣
∣
∣
∣
s=0
∥
∥
∥(dpiα(t) exp(sW ))(X
R + ZL
+(Ad(exp(−tZ))Y )L)α(t) exp(sW )
∥
∥
∥
2
α(t) exp(sW )·o
= −
1
2
d
ds
∣
∣
∣
∣
s=0
∥
∥
∥(dτexp(−sW )α(t)−1)α(t) exp(sW )·o(dpiα(t) exp(sW ))(X
R + ZL
+(TY )L)α(t) exp(sW )
∥
∥
∥
2
o
= −
1
2
d
ds
∣
∣
∣
∣
s=0
∥
∥
∥(Ad(exp(−sW )α(t)
−1)X)m + Zm + (TY )m
∥
∥
∥
2
o
= −
1
2
d
ds
∣
∣
∣
∣
s=0
∥
∥
∥(Ad(exp(−sW ) exp(−tZ) exp(−tY ))X)m + Zm + (TY )m
∥
∥
∥
2
o
= −
1
2
d
ds
∣
∣
∣
∣
s=0
∥
∥
∥(Ad(exp(−sW ))TX)m + Zm + (TY )m
∥
∥
∥
2
o
.
By similar computations as in the proof of Lemma 2.5 it follows that
d
ds
∣
∣
∣
∣
s=0
Ad(exp(−sW )) ◦ TX = [TX,W ],
and by using Lemma 2.6, the third term of (20) becomes
− g([TX,W ]m, (TX)m + Zm + (TY )m)o. (35)
We finally add (33), (34), (35) to obtain that
GW (t) = g((TX)m + (TY )m + Zm, [W,TX + TY + Z]m)o
+ g(W, [TX, TY + Z]m + [TY,Z]m)o,
which proves the proposition. 
3. Generalised Wallach spaces
Let M = G/K be a compact homogeneous space where G is a semisimple Lie group which acts almost
effectively on M and K. Recall the reductive decomposition g = k ⊕ m where g, k are the Lie algebras of
G,K respectively and m ≡ ToM . Let B be the Killing form of g.
Definition 3.1. ([Ni-Ro-Sla]) A generalised Wallach space is a homogeneous spaceM = G/K whose isotropy
representation m decomposes into three Ad(K)-invariant irreducible and pairwise orthogonal submodules as
m = m1 ⊕m2 ⊕m3, (36)
which satisfy the relations
[mi,mi] ⊂ k, i = 1, 2, 3. (37)
Despite their simple description a complete classification of these spaces was given only very recently by
Yu.G. Nikonorov in [Ni2] and [Ch-Ka-Li]. We give some examples of generalised Wallach spaces.
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Example 3.2. The Wallach spaces
SU(3)/Tmax, Sp(3)/(SU(2)× SU(2)× SU(2)), F4/ Spin(8).
Example 3.3. The generalized flag manifolds
SU(l +m+ n)/S(U(l)× U(m)× U(n)), SO(2l)/(U(1)× U(l − 1)), E6/(U(1)× U(1)× Spin(8)).
Example 3.4. The homogeneous spaces
SO(l +m+ n)/(SO(l)× SO(m)× SO(n)), Sp(l +m+ n)/(Sp(l)× Sp(m)× Sp(n)).
Example 3.5. The Stiefel manifolds SO(n+ 2)/SO(2).
The following property is mentioned in [Ni1, p. 169] without proof.
Lemma 3.6. Let M = G/K be a generalized Wallach space. Then the submodules mi (i = 1, 2, 3) satisfy
the relations
[m1,m2] ⊂ m3 [m1,m3] ⊂ m2 [m2,m3] ⊂ m1. (38)
Proof. We prove the first relation and the others follow in a similar way. Let Xi ∈ mi (i = 1, 2). Then
[X1, X2] = Xk +Xm1 +Xm2 +Xm3 , (39)
where Xk, Xmi are the projections of [X1, X2] on Xk, Xmi respectively. By using the B-orthogonality of the
spaces k,m1,m2,m3 and the relations [k,mi] ⊂ mi, [mi,mi] ⊂ k, equation (39) yields
B(Xk, Xk) = B([X1, X2], Xk) = B([Xk, X1], X2) = 0,
B(Xm1 , Xm1) = B([X1, X2], Xm1) = B([Xm1 , X1], X2) = 0,
B(Xm2 , Xm2) = B([X1, X2], Xm2) = B([X2, Xm1], X1) = 0.
Therefore, Xk = Xm1 = Xm2 = 0, which proves that [m1,m2] ⊂ m3. 
Remark 3.7. If we set gi = k⊕ mi (i = 1, 2, 3), then the mi equipped with the operation
[[·, ·]·, ·] : mi×mi×mi → mi is a Lie triple system of g. Therefore, (gi, k) is a symmetric pair and the spaces
Mi = exp(gi) · o (i = 1, 2, 3), are totally geodesic symmetric submanifolds of G/K.
4. Geodesics in generalised Wallach spaces
Let M = G/K be a generalised Wallach space with a G-invariant metric determined by the Ad(K)-
invariant inner product on m = m1 ⊕m2 ⊕m3 of the form
〈 , 〉 = λ1(−B)|m1 + λ2(−B)|m2 + λ3(−B)|m3 = (λ1, λ2, λ3), (λi > 0). (40)
Let X1 +X2 +X3 ∈ m with Xi ∈ mi, (i = 1, 2, 3). We look for geodesics in (M, g) through o of the form
γ(t) = exp(tX) exp(tY ) exp(tZ) · o, (41)
satisfying
γ˙(0) = X1 +X2 +X3, (42)
and
Z = a1X1 + a2X2 + a3X3
Y = b1X1 + b2X2 + b3X3
X = c1X1 + c2X2 + c3X3,
(43)
where ai, bi, ci ∈ R (i = 1, 2, 3). It will turn out that if we impose the geodesic condition on such curves,
then certain restrictions on the parameters λi of the G-invariant metric g emerge.
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Proposition 4.1. Let M = G/K be a generalised Wallach space equipped with a G-invariant metric g
determined by the scalar product 〈 , 〉 = (λ1, λ2, λ3). Let γ : I ⊂ R → M be a geodesic on (M, g) of
the form γ(t) = exp(tX) exp(tY ) exp(tZ) · o, where X,Y, Z ∈ m are given by (43), such that γ(0) = o,
γ˙(0) = X1 +X2+X3 ∈ m (Xi ∈ mi, (i = 1, 2, 3)) and [Xi, Xj ] 6= 0 for i 6= j. Then (up to scalar) one of the
following possibilities is valid:
1) 〈 , 〉 = (1, 1, c) and γ(t) = exp t(X1 +X2 + cX3) exp t(1− c)X3 · o
2) 〈 , 〉 = (1, c, 1) and γ(t) = exp t(X1 + cX2 +X3) exp t(1− c)X2 · o
3) 〈 , 〉 = (c, 1, 1) and γ(t) = exp t(cX1 +X2 +X3) exp t(1− c)X1 · o,
where c > 0.
Proof. Since the diagonal metric (λ1, λ2, λ3) is a scalar multiple of the metric (1,
λ2
λ1
, λ3λ1 ), Koszul’s formula
implies that if γ is an unparametrised geodesic on a Riemannian manifold (M, g), then γ is also an un-
parametrised geodesic on (M, cg) (c ∈ R+). Therefore, for our purposes we need only to consider metrics of
the form (1, λ2, λ3). Relation (41) implies that γ˙(0) = X + Y +Z so condition (42) and relations (43) imply
that
ai + bi + ci = 1, (i = 1, 2, 3). (44)
Assume that the curve (41) is a geodesic. For any W ∈ m, Proposition 2.4 implies that
GW (0) = 0 (45)
G˙W (0) = 0. (46)
By solving the above system, we will determine the values of the coefficients ai, bi, ci and λi. By using (26),
(21) and equation (45) it follows that
GW (0) = g(Xm + Ym + Zm, [W,X + Y + Z]m)o
+ g(W, [X,Y + Z]m + [Y, Z]m)o = 0.
(47)
Since equation (47) is true for all W and in view of decomposition (36), we need to consider the following
three simultaneous cases:
a) W ∈ m1, b) W ∈ m2, c) W ∈ m3.
For case a) we use that γ˙(0) = X + Y + Z = X1 +X2 +X3, so equation (47) is equivalent to
g([W,X1 +X2 +X3]m, X1 +X2 +X3)o
+g(W, [X,X1 +X2 +X3]m + [Y, Z]m)o = 0.
(48)
By using expressions (43) for X,Y, Z, equation (44), the bracket relations (37) and the orthogonality of the
spaces k,m1,m2,m3, equation (48) gives
g([W,X2], X3)o + g([W,X3], X2)o + (a3 − a2 + b3 − b2)g(W, [X2, X3])o
+(b2a3 − b3a2)g(W, [X2, X3])o = 0.
(49)
Also, by using (40) and the ad-skew symmetry of the Killing form of g, equation (49) implies that(
a3 − a2 + b3 − b2 + b2a3 − b3a2 − λ2 + λ3
)
B(W, [X2, X3]) = 0,
for every W ∈ m1, which gives that
a3 − a2 + b3 − b2 + b2a3 − b3a2 = λ2 − λ3. (50)
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Similarly, for cases b) and c), equation (47) yields
a3 − a1 + b3 − b1 + b1a3 − b3a1 =
1− λ3
λ2
(51)
a2 − a1 + b2 − b1 + b1a2 − b2a1 =
1− λ2
λ3
, (52)
respectively. Therefore, condition GW (0) = 0 is equivalent to the system of equations (50)-(52).
To compute G˙W (0) we use relation (22) to differentiate (26). By using the Jacobi identity and γ˙(0) =
X + Y + Z = X1 +X2 +X3 it follows that
˙GW (0) = g([X + Y, Y + Z]m, [W,X1 +X2 +X3]m)o
+g(W, [[X1 +X2 +X3, Z], Z]m)o + g(W, [[X,Y ], Y + 2Z]m)o
+g(X1 +X2 +X3, [W, [Y, Z]]m)o
−g([[X,X1 +X2 +X3],W ]m, X1 +X2 +X3)o = 0.
(53)
As before, by the linearity of (53) we need to consider the following simultaneous cases:
a) W ∈ m1, b) W ∈ m2, c) W ∈ m3.
For case a) we use the orthogonality of the spaces k,m1,m2,m3, the inner product (40) and relations (43)
and (44), and equation (53) reduces to
(
(1− λ2)b2 + 2(1− λ2)a2 + λ3b2a1 − λ3b2a2 − λ3a
2
2 + λ3a1a2
−(λ3 − λ2)(1− λ2)
)
B([X1, X2], [W,X2])
+
(
(1 − λ3)b3 + 2(1− λ3)a3 + λ2b3a1 − λ2b3a3 − λ2a
2
3 + λ2a1a3
−(λ2 − λ3)(1− λ3)
)
B([X1, X3], [W,X3]) = 0,
from which we obtain the following two equations:
(1 − λ2)b2 + 2(1− λ2)a2 + λ3b2a1 − λ3b2a2 − λ3a
2
2 + λ3a1a2
= (λ3 − λ2)(1− λ2),
(54)
(1 − λ3)b3 + 2(1− λ3)a3 + λ2b3a1 − λ2b3a3 − λ2a
2
3 + λ2a1a3
= (λ2 − λ3)(1− λ3).
(55)
Similarly, cases b) and c) yield the equations:
λ2(1− λ2)b1 + 2λ2(1− λ2)a1 + λ2λ3b1a1 − λ2λ3b1a2 + λ2λ3a
2
1 − λ2λ3a1a2
= (λ2 − 1)(1− λ3),
(56)
λ2(λ2 − λ3)b3 + 2λ2(λ2 − λ3)a3 + λ2b3a2 − λ2b3a3 − λ2a
2
3 + λ2a2a3
= (1 − λ3)(λ2 − λ3),
(57)
λ3(1− λ3)b1 + 2λ3(1− λ3)a1 + λ2λ3b1a1 − λ2λ3b1a3 + λ2λ3a
2
1 − λ2λ3a1a3
= (λ2 − 1)(1− λ3),
(58)
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λ3(λ2 − λ3)b2 + 2λ3(λ2 − λ3)a2 + λ3b2a2 − λ3b2a3 + λ3a
2
2 − λ3a2a3
= (λ2 − λ3)(1− λ2).
(59)
Therefore, the equation G˙W (0) = 0 is equivalent to the system of equations (54)-(59).
To summarise, the system of equations (45)-(46) is equivalent to the system (50)-(52), (54)-(59). By using a
program of symbolic computation we obtain the following relations among the variables ai, bi, (i = 1, 2, 3),
λ1, λ2:
λ2 = 1, a1 = a2 = b1 = b2 = 0, b3 = 1− a3 − λ3 (60)
λ2 = 1, a1 = a2 = 0, a3 = 1− λ3, b1 = b2, b3 = λ3b2 (61)
λ3 = 1, a1 = a3 = b1 = b3 = 0, b2 = 1− a2 − λ2 (62)
λ3 = 1, a1 = a3 = 0, a2 = 1− λ2, b1 = b3 =
b2
λ2
(63)
λ2 = λ3, a2 = a3 = 0, a1 =
λ3 − 1
λ3
, b2 = b3 = λ3b1 (64)
λ2 = λ3, a2 = a3 = b2 = b3 = 0, b1 =
λ3 − a1λ3 − 1
λ3
. (65)
By (60) and setting c = λ3 we obtain that 〈 , 〉 = (1, 1, c). Using relations (43), we have that X =
X1 +X2 + cX3, Y = (1− a3 − c)X3, Z = a3X3 and since Y is parallel to Z, (41) implies that
γ(t) = exp(tX) exp t(Y + Z) · o = exp t(X1 +X2 + cX3) exp t(1− c)X3 · o,
which proves conclusion 1) of the proposition. Solution (61) also yields g = (1, 1, c) and X = (1− b1)X1 +
(1 − b1)X2 + (1 − b1)cX3, Y = b1X1 + b1X2 + cb1X3, Z = (1 − c)X3. Using (41) and since X is parallel to
Y we have that γ(t) = exp t(X + Y ) exp(tZ) · o = exp t(X1 +X2 + cX3) exp t(1 − c)X3 · o. This also yields
conclusion 1) of the proposition. By setting c = λ2 similar computations imply that solutions (62) and (63)
give conclusion 2) of the proposition. Finally, for c = 1λ2 solutions (64) and (65) imply conclusion 3). 
Next we show that the three curves obtained in Proposition 4.1 are indeed geodesics.
Theorem 4.2. Let G be a connected Lie group and M = G/K be a generalised Wallach space. If the G-
invariant metric (4) has one of the forms (1, 1, c), (1, c, 1) or (c, 1, 1) (up to scalar), then the unique geodesic
γ(t) passing through o with γ˙(0) = X1 +X2 +X3 ∈ To(G/K), Xi ∈ m, is given by
γ(t) = exp t(X1 +X2 + cX3) exp(t(1 − c)X3) · o, (66)
γ(t) = exp t(X1 + cX2 +X3) exp(t(1 − c)X2) · o, (67)
γ(t) = exp t(cX1 +X2 +X3) exp(t(1 − c)X1) · o (68)
respectivelly.
Proof. We will prove equation (66) and the others can be shown by a similar manner. Assume that the
G-invariant metric is given by 〈 , 〉 = (1, 1, c). The curve (66) is of the form (41) in which, without loss of
generality, we set X = X1 +X2 + cX3, Y = (1 − c)X3, Z = 0. Let W ∈ m be arbitrary. We need to verify
proposition 2.4 for GW (t) given by (26) (and with Z = 0). This is equivalent to
GW (t) = g(W, [TX, TY ]m)o + g([W,TX + TY ]m, TX + TY )o = 0. (69)
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Since TX + TY = T (X + Y ) = T (X1 +X2 +X3) = TX1 + TX2 + TX3, we obtain that
GW (t) = (1 − c)g(W, [TX1, TX3]m)o + (1 − c)g(W, [TX2, TX3]m)o
+g([W,TX1]m, TX1)o + g([W,TX1]m, TX2)o + g([W,TX1]m, TX3)o
+g([W,TX2]m, TX1)o + g([W,TX2]m, TX2)o + g([W,TX2]m, TX3)o
+g([W,TX3]m, TX1)o + g([W,TX3]m, TX2)o + g([W,TX3]m, TX3)o.
(70)
Since Z = 0, relation (21) implies that T = Ad(exp(−tY )) and by equation (23) we obtain that TY = Y
and TX3 = X3. Moreover, since G is connected, then the definition of T implies that TXi ∈ [m3,mi] for i =
1, 2. Therefore, [TX1, TX3] ∈ m1 and [TX2, TX3] ∈ m2. Also, since 〈 , 〉 = (−B)|m1 +(−B)|m2 + c(−B)|m3 ,
the ad-skew symmetry of the Killing form of g implies that g([W,TXi]m, TXi)o = B([W,TXi]m, TXi) = 0.
From the above discussion and the orthogonality of spaces k,m1,m2,m3, relation (70) reduces to
GW (t) = (1− c)B(W, [TX1, TX3]) + (1− c)B(W, [TX2, TX3])
+B([W,TX1], TX2) + cB([W,TX1], TX3) +B([W,TX2], TX1)
+cB([W,TX2], TX3) +B([W,TX3], TX1) +B([W,TX3], TX2)o
= B(W, [TX1, TX3])(1− c+ c− 1) +B(W, [TX2, TX3])(1 − c+ c− 1)
+B(W, [TX1, TX2])(1 − 1) = 0,
and this proves the theorem. 
The following proposition is an interesting consequence of Proposition 2.4.
Proposition 4.3. Let G/K be a generalised Wallach space with m = m1 ⊕m2 ⊕m3. If any of the relations
[mi,mj] = 0 (i 6= j) (71)
hold, then G/K is a g.o. space for any diagonal metric (1, λ2, λ3). That is any geodesic γ of G/K passing
through o and tangent to any X ∈ m is given by
γ(t) = exp(tX) · o.
Proof. Assume that [m1,m2] = 0 (the other cases can be treated similarly). We set Y = Z = 0 in (21) and
in (26). Then TX = X and GW (t) = g(Xm, [W,X ]m).
We choose X = X1 +X2 +X3 ∈ m and let W =W1 +W2 +W3 ∈ m be arbitrary (Xi,Wi ∈ mi, i = 1, 2, 3).
By using the assumption, the ad-skew symmetry of the Killing form B, and relations (37) and (38) it follows
that
GW (t) = g(Xm, [W,X ]m) = B(X1, [W2, X3]) +B(X1, [W3, X2])
+λ2B(X2, [W1, X3]) + λ2B(X2, [W3, X1])
+λ3B(X3, [W1, X2]) + λ3B(X3, [W3, X1]) = 0.
Therefore, Proposition 2.4 implies that γ(t) = exp t(X1+X2+X3)·o, which is a homogeneous geodesic. 
Notice that the condition GW (t) = g(Xm, [W,X ]m) = 0 is the well known condition for homogeneous
geodesics originally presented in [Ko-Va].
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Example 4.4. Let M = E6/(U(1) × U(1) × Spin(8)). This is a generalized flag manifold whose isotropy
representation decomposes into three irreducible non equivalent submodules. These spaces have been clas-
sified in [Ki]. Its painted Dynking diagram is obtained from the Dynkin diagram of E6, by painting black
the simple roots a1, a5 with Dynkin mark 1, as shown below.
s
α1
❝
α2
❝
α3
❝
α6
❝
α4
s
α5
Let R be the root system of E6. For α ∈ R we denote by g
α the corresponding root space. Any α ∈ R can
be expressed as α =
∑
kiαi where αi are the simple roots of E6. We put ∆(1,0) = {α ∈ R : k1 = 1, k5 = 0},
∆(0,1) = {α ∈ R : k1 = 0, k5 = 1} and ∆(1,1) = {α ∈ R : k1 = 1, k5 = 1}. Then the spaces
m1 =
∑
α∈∆(1,0)
gα, m2 =
∑
α∈∆(0,1)
gα, m3 =
∑
α∈∆(1,1)
gα
satisfy the bracket relations (37) and m = m1⊕m2⊕m3. Moreover g = (1, 1, 2) is a Ka¨hler-Einstein metric of
the form (1, 1, c). Therefore (M, g) satisfies the conditions of Theorem 4.2 and the unique geodesic γ passing
through o with γ˙(0) = X1 +X2 +X3, Xi ∈ mi is given by
γ(t) = exp t(X1 +X2 + 2X3) exp t(−X3) · o.
According to [Ki] the invariant metrics g1 = (1, 2, 1) and g2 = (2, 1, 1) on
M = E6/(U(1)× U(1)× Spin(8))
are also Ka¨hler-Einstein, so the spaces (M, g1), (M, g2) also satisfy the conditions of Theorem 1.2.
5. Riemannian submersions
A natural question raised in this paper is why the search for geodesics of the form (5) in a generalized
Wallach space, leads to the geodesics obtained in Proposition 4.1 (with two exponential terms instead of
three). One way to explain this is to use the fact that to each generalized Wallach space G/K there is an
associated fibration G/K → G/H , where the base space G/H and the fiber H/K are locally symmetric
spaces (cf. [Ni-Ro-Sla, pp. 46, Remark 1]). More precisely, let g = k⊕m = k⊕m1 ⊕m2 ⊕m3 be a reductive
decomposition of g with [mi,mi] ⊂ k, and let gi = k ⊕ mi. If Gi is the simply connected Lie group with
Lie algebra gi, then it can be shown that the spaces Gi/K and G/Gi are locally symmetric and there exist
fibrations
Gi/K → G/K → G/Gi, (i = 1, 2, 3). (72)
The corresponding reductive decompositions of Gi/K and G/Gi are gi = k⊕mi and g = (k⊕mi)⊕ (mk⊕ml)
(i, k, l distinct). If the spaces Gi/K,G/K and G/Gi are equipped with an invariant metric then we obtain
Riemannian submersions with totally geodesic fibers.
We consider the G-invariant metric on G/K given by
gsub = λ (−B)|
mk⊕ml
+ µ (−B)|
mi
, (λ, µ > 0),
which is a special case of the G-invariant metric (4). Since the base and the fiber are symmetric spaces, for
which is well known that geodesics are given by one-parameter subgroups, it is natural to search for geodesics
of the form γ(t) = exp(tX) exp(tY ) · o, where X ∈ mk ⊕ml, Y ∈ mi with respect to the submersion metric
gsub. According to Theorem 4.2 such geodesics are obtained if we take λ = c and µ = 1. Furthermore,
Proposition 4.1 sheds light to the question whether there exists a G-invariant metric of the form (1, λ2, λ3)
so that the geodesics in a generalized Wallach space G/K with the initial conditions stated there, are of the
form (5).
Example 5.1. Let G/K = SO(l+m+n)/(SO(l)×SO(m)×SO(n)) with n ≥ m ≥ l ≥ 1 and (l,m) 6= (1, 1).
If we set Gi = SO(l +m)× SO(n) then fibration (72) is given by
SO(l +m)/(SO(l)× SO(m))→ G/K → SO(l +m+ n)/(SO(l +m)× SO(n)).
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The special case l = m = 1 corresponds to the Stiefel manifold SO(n+2)/SO(n). Even though the isotropy
representation of SO(n + 2)/SO(2) contains two equivalent summands, it has been shown in [Ke] that any
SO(n+ 2)-invariant metric is diagonal.
Example 5.2. Let G/K = E6/(U(1)×U(1)×Spin(8)) be the generalized flag manifold with m = m1⊕m2⊕
m3. Let g1 = k⊕m1 and let G1 be the corresponding simply connected Lie group. It is easy to see that with
the above notationG/G1 is a symmetric space. Indeed, let m
′ = To(G/G1) = m2⊕m3. Then it is [m
′,m′] ⊂ g1
and [g1,m
′] ⊂ m′. To find the precise quotient G/G1, we look at all possible irreducible compact symmetric
spaces of the form E6/G1, and these are E6/Sp(4), E6/(SU(6)× SU(2)), E6/(SO(10) × U(1)) and E6/F4.
Our choice will be determined by the dimension of g1. It is dimR k = 30, and according to [Ki, Proposition
2.6, p. 311] it is dimR m1 = dimR m2 = dimR m3 = 16. Hence, dimR g1 = 46 = dimR(so(10) ⊕ u(1)) so we
conclude that G/G1 = E6/(SO(10)× U(1)). Therefore, fibration (72) is given by
SO(10)/(SO(2)× SO(8))→ E6/(U(1)× U(1)× Spin(8))→ E6/(SO(10)× U(1)).
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